The role of each nonlinear term in the vorticity and divergence equations derived from the primitive equations to the steady nonlinear Ekman pumping is examined for uni-directional flows with a small Rossby number comprehensively. For uni-directional flows with a constant horizontal shear, the perturbation analysis in the first order of a small Rossby number show that the contribution from the nonlinear divergence term in the vorticity equation to the Ekman pumping is the most dominant. That from the vertical advection term in the vorticity equation is the second dominant. The nonlinear terms from the divergence equation are less important for the nonlinear corrections to the classical Ekman pumping. In addition, the effect of the nonlinear divergence term to the Ekman pumping is opposite from that of the other nonlinear terms. The latter result also can be verified by qualitative discussions. Furthermore, the analytical solutions for constant horizontal shear flows can be utilized even for uni-directional flows with general horizontal shear. In this case, it is found that the contribution from the nonlinear divergence and horizontal advection terms in the vorticity equation to the Ekman pumping is the most dominant. That from the vertical advection and tilting terms in the vorticity equation is the second dominant. Some comments on the pre-existing approximate models of the nonlinear Ekman pumping are made.
Introduction
Ekman (1905) first proposed a theory of the structure of the planetary boundary layer in the atmosphere. He assumed a balance between the Coriolis, pressure gradient and frictional forces in the planetary boundary layer. A detailed analysis of his theory derives the existence of the vertical velocity W Ã at the top of the planetary boundary layer, which is written by
where a Ã is a positive constant and has the dimension of length. z Ã g is the geostrophic vorticity at the top of the planetary boundary layer (Charney and Eliassen 1949) . This vertical velocity, the so-called Ekman pumping, is known as one of the decaying mechanisms of vortices in the free atmosphere, since the Ekman pumping (1) appears in the barotropic vorticity equation for the free atmosphere through the lower boundary condition, and acts as a damping term of the barotropic vorticity equation (Holton 2004) . Indeed, the Ekman pumping formula (1) has been employed as a damping mechanism in many dynamical models of the large scale atmospheric flows (e.g., Mukougawa 1988; Vallis and Maltrud 1993; Arai and Mukougawa 2002; Danilov and Gryanik 2004) .
Even though the classical Ekman theory has been exploited in many studies, there are shortcomings in it. One of them is that the classical Ekman theory ignores the nonlinear terms in the governing equations.
Over the years, after the pioneer work by Ekman (1905) , there have been many efforts to ex-tend his theory to the nonlinear case. Benton et al. (1964) considered the Ekman pumping for the primitive equations in the steady nonlinear case by using a perturbation method of a small Rossby number e. They presented formulae for the Ekman pumping for unidirectional flows with a constant horizontal shear up to Oðe 2 Þ analytically, and Oðe 4 Þ numerically. Recently, Hart (2000) also studied the steady nonlinear Ekman pumping for the primitive equations. Using a symbolic manipulator (MAPLE), he derived steady nonlinear Ekman pumping formulae up to Oðe 4 Þ for general unidirectional flows and Oðe 3 Þ for circular flows, analytically. In the framework of approximate models of the primitive equations, the nonlinear Ekman pumping has also been explored. Wu and Blumen (1982) discussed the nonlinear Ekman pumping for the geostrophic momentum approximate equations, which was proposed by Hoskins (1975) . Tan and Wu (1993) and Fang and Wu (2005) introduced the Ekman momentum approximation and the geostrophic wind advection approximation, respectively, as extensions of Wu and Blumen (1982) . Cullen (1989) studied the nonlinear Ekman pumping for the semigeostrophic equations. Bannon (1998) made a comparison of steady nonlinear Ekman pumping formulae for these approximate equations on the condition of unidirectional flows with a constant horizontal shear.
Previous works for the nonlinear Ekman pumping have mainly devoted to derive higher order corrections to the classical Ekman pumping, or proposed the nonlinear Ekman pumping in the framework of approximated equation systems. However, a fundamental issue, such as the effect of each nonlinear term in the governing equation to the Ekman pumping, has not been examined yet, even in the lowest order of the Rossby number. Thus, we address this issue in this study. The results of the present study provide useful information to the derivation of a model equation system which well describes the nonlinear Ekman pumping, or the assessment of pre-existing models of the nonlinear Ekman pumping.
In addition, the above mentioned studies pointed out an asymmetry of the nonlinear Ekman pumping in the relative vorticity for unidirectional flows with a constant horizontal shear (Wu and Blumen 1982; Bannon 1998; Tan 2001) . As seen from (1), the magnitude of the classical Ekman pumping is symmetric for the relative vorticity. In contrast, the magnitude of the nonlinear Ekman pumping for such flows is intensified (reduced) in the anticyclonic (cyclonic) vorticity, in comparison to the classical Ekman pumping. However, detailed mechanisms of the asymmetry of the nonlinear Ekman pumping has not been investigated. The examination of the role of each nonlinear term on the Ekman pumping sheds light on the mechanism of the asymmetry of the nonlinear Ekman pumping.
We consider the steady nonlinear Ekman pumping for the primitive equation system for uni-directional flows with a constant horizontal shear. We focus our attentions on a small Rossby number state. Then, we apply a perturbation analysis in a small Rossby number to the primitive equation system. The perturbation analysis enables us to discuss the nonlinear Ekman pumping analytically. Constant shear flows seem to be very specific. However, as will be shown in the later, consideration for a constant horizontal shear case is quite instructive to discuss the nonlinear Ekman pumping for a general shear case.
For convenience in qualitative discussions, we use the vorticity and divergence equations derived from the primitive equations. The following are our findings for uni-directional flows with a constant horizontal shear from the perturbation analysis of the vorticity and divergence equations in the first order of a small Rossby number: the most effective nonlinearity on the Ekman pumping comes from the interplay between the vertical component of the vorticity and the horizontal divergence of velocity, which is the nonlinear divergence term in the vorticity equation. The nonlinear divergence term in the vorticity equation corrects the classical Ekman pumping larger (smaller) in the anticyclonic (cyclonic) shear flows, which is just the reason of the asymmetry of the nonlinear Ekman pumping for unidirectional flows with a constant horizontal shear. The effect of the other nonlinear terms in the vorticity and divergence equations to the Ekman pumping is opposite from that of the nonlinear divergence term. The qualitative discussions also verify the above role of each nonlinear term on the Ekman pumping. On the other hand, for more general uni-directional flows, the most effective nonlinearities come from the nonlinear divergence and horizontal advection terms in the vorticity equation. The latter term does not appear in a constant horizontal shear flow case. Besides, the asymmetry of the magnitude of the Ekman pumping occurs not necessarily, which depends on the horizontal structure of flows in the free atmosphere.
This paper is organized as follows. In Section 2, we give the mathematical formulation of the steady nonlinear Ekman pumping. The setup of the problem examined in the study are unidirectional flows with a general horizontal shear, which were originally examined by Benton et al. (1964) . In Section 3, the steady nonlinear Ekman pumping for uni-directional flows with a constant horizontal shear is discussed. In Subsection 3.1, we numerically solve the full nonlinear primitive equation system and give the nonlinear Ekman pumping as a function of a Rossby number. Although this is a re-examination of §4 of Bannon (1998) , this numerical result is needed for assessments of the approximation of perturbation analysis for the nonlinear Ekman pumping. In Subsection 3.2, expanding the vorticity and divergence equations of the primitive equation system by the small Rossby number, we analytically present the contribution of each nonlinear term of the governing equations to the Ekman pumping in the first order of the Rossby number, and also confirm whether the use of the perturbation solutions is valid for understanding the mechanisms of the nonlinear Ekman pumping by comparing the perturbation solutions with the numerical ones. In Subsection 3.3, we give a physical interpretation on the role of nonlinear terms in the vorticity and divergence equations to the Ekman pumping. In Section 4, we discuss the steady nonlinear Ekman pumping for more general uni-directional flows by extending the consideration in a constant horizontal shear flow case. Moreover, some comments on the pre-existing works on the nonlinear Ekman pumping are made. Finally, we summarize the results in Section 5.
Formulation
Following Benton et al. (1964) and Bannon (1998) , we consider the model atmosphere to be a semi-infinite Boussinesq fluid moving over a flat surface (z Ã ¼ 0) on an f plane with a Cartesian coordinate system, where the asterisk means a dimensional quantity from now on. The horizontal pressure gradient is assumed to be parallel to the x Ã -axis. The flow, which is driven by this pressure gradient, is assumed to be steady and homogeneous in y Ã direction. The effects of friction are incorporated using a constant eddy viscosity in the vertical. In the free atmosphere, the flow is assumed to be in the geostrophic balance. Since the pressure field is homogeneous in y Ã direction, the geostrophic wind
g j, where j indicates the unit vector of y Ã direction, and the subscript g denotes the geostrophic quantity. We assume that
where U Ã is a characteristic velocity scale, and
where L Ã is a characteristic horizontal length scale. We presume that U Ã and L Ã are positive, then positive (negative) values of dV/dx model cyclonic (anticyclonic) shear flows in the free atmosphere, because the geostrophic vorticity z Ã g is written by
On the above conditions, the momentum equations and the continuity equation in the planetary boundary layer reduce to
where u Ã , v Ã and w Ã are x Ã , y Ã and z Ã components of the velocity, respectively, f Ã is the constant Coriolis parameter (assumed positive), and k Ã is the constant vertical eddy viscosity coefficient. The geostrophic wind V place of the zonal pressure gradient force in (5). We define the Rossby number e as
The horizontal winds in the planetary boundary layer are normalized as
where h is the nondimensional vertical coordinate in the planetary boundary layer, which is defined by
where d Ã E is the so-called Ekman layer thickness, which is the characteristic depth of the planetary boundary layer. The quantitiesû u and v v indicate the nondimensional ageostrophic velocities. From (2), (7), (9) and (11), the vertical velocity can be expressed as
The nondimensional vertical velocityŵ w is calculated fromû u, using the relation
In the following section, we provide a physical interpretation of roles of the nonlinear terms in the primitive equation system on the steady nonlinear Ekman pumping. Since the viewpoints of the vorticity and divergence make this interpretation easy, we show the vertical vorticity and horizontal divergence equations in the planetary boundary layer, which can be derived from differentiating (6) with respect to x Ã , and differentiating (5) with respect to x Ã , respectively,
where
is the vertical component of the vorticity, and
is the horizontal divergence of velocity, respectively. Here, following the standard terminology (Holton 2004) , we shall call each nonlinear term on the left hand side in (15) as follows: the first and second terms are the horizontal and vertical advection terms of the vertical vorticity, the third the nonlinear divergence term, and the forth the tilting term. Moreover, inserting the horizontal winds (10) and (9) into (17) and (18), respectively, the nondimensional vertical vorticityẑ z and the nondimensional horizontal divergenceĝ g are introduced as
Then, the nondimensional forms of (15), (16), and (7) are
We employ the following boundary conditions. At the surface z Ã ¼ 0 or h ¼ 0, the no-slip boundary and flat surface conditions are adopted, i.e., both the horizontal and vertical velocities vanish,
with the aid of (9), (10), (13), (19) and (20). The flows at the top of the planetary boundary layer, which is specified by the vertical coordinate h ! y, are assumed to converge to the geostrophic winds:
with the aid of (9), (10), (19) and (20). It is well known that the governing equations in the classical Ekman theory can be derived from (21) and (22) by neglecting the terms proportional to e, and the solutions to the resulting linear equations, subject to the boundary conditions (25) and (26), arê
Linear shear flow case
In this section, we consider the flow in the free atmosphere to have a linear shear in x Ã direction, which is written as dV dx ¼ const:
In this case, we employ the following separation of variables to the horizontal velocities, u uðx; hÞ ¼ VðxÞuðhÞ; ð32Þ v vðx; hÞ ¼ VðxÞvðhÞ:
Then the vertical velocity, the vertical vorticity and the horizontal divergence are expressed through (14), (19) and (20) as follows:
The boundary conditions can be written from (25), (26), (34), (36) and (37),
Using (32)- (34), (36) and (37), the vorticity and divergence equations (21) and (22), and the continuity equation (23) reduce to
where we define a new Rossby number Ro as
The Rossby number Ro can be considered as the ratio of the relative vorticity in the free atmosphere to the planetary vorticity:
Note that if Ro is positive (negative), then the flow in the free atmosphere has a cyclonic (anticyclonic) shear. The classical Ekman solutions are given as:
Preliminary calculations
Eliminating z, (40) and (41) reduce to the nonlinear ordinary differential equation,
where the coefficients are given by
Note that (48) is identical to (4.3) of Bannon (1998) , because g is equivalent to u a in Bannon (1998) .
To solve (48) with (42) subject to the boundary conditions (38) and (39), we apply a method of coupling between Lindzen and Kuo (1969) and the iterative way (Bannon 1998) . The Eq. (48) is solved iteratively with the coefficients taken to be known functions, given by the earlier iteration. The first guess is the classical Ekman solution. In this study, we take 20 iterations to obtain the convergent solutions of (48) with (42). We let h ¼ 10 be the upper limit of computational domain, and choose the increment in h to be 0.01. Thus, there are 1000 layers between the ground level and the top of the planetary boundary layer. We have checked that both 20 iterations and the vertical increment are enough for the convergence of the solutions, and that the first guess does not affect the final solutions. 1 Figure 1 shows the Ekman pumping at the top of the planetary boundary layer W 1 wðh ! yÞ as a function of Ro for both the full nonlinear and classical Ekman theory cases. Note that from (47), the magnitude of the Ekman pumping at the top of the planetary boundary layer in the classical Ekman theory is
where the subscript E denotes the classical Ekman solution. It is apparently shown that the magnitude of the nonlinear Ekman pumping is increased (decreased) in anticyclonic (cyclonic) vortices, compared with that in the classical Ekman theory, as pointed out by the past studies (e.g., Bannon 1998; Tan 2001) . Here, the above results are quantitatively consistent with Bannon's results. We note in passing that we tried to solve (48) for jRoj a 1, since Bannon (1998) solved it for these ranges. However, we cannot obtain convergent solutions for the ranges À1 a Ro k À0:8. Therefore, we only show the numerical results for the ranges jRoj a 0:7 in Fig. 1 , and restrict our discussion for these ranges. We have not identified why such divergence occurs.
Rossby number expansion
In the previous subsection, we re-examined the asymmetry of the magnitude of the nonlinear Ekman pumping in the relative vorticity in the free atmosphere. To investigate the mechanisms of the asymmetry of the nonlinear Ekman pumping in detail, we perform a perturbation analysis of the nonlinear governing equations. If the perturbation solutions are well approximated to the solutions in the full nonlinear case, then the use of the perturbation ð1 À e Àx sin x À e Àx cos xÞ;
x ¼ ð1 þ RoÞ 1/4 h; which are the analytical solutions in the geostrophic momentum approximation (Wu and Blumen 1982) , as the first guess instead of (45) and (47), we obtain the same convergent solutions. solutions is suitable for understanding the mechanisms of the nonlinear Ekman pumping. Indeed, we will check the validity of the use of the perturbation solutions by comparing them with the numerical solutions in the full nonlinear case obtained in the previous subsection.
Let us assume the expansions for the nondimensional forms of the horizontal divergence, vertical vorticity and vertical velocity as ðg; z; wÞ ¼ X y n¼0 ðg n ; z n ; w n ÞRo n :
Inserting (54) into (40) and (41), we obtain the vorticity and divergence equations in OðRo 1 Þ,
respectively. Eliminating z 1 from (55) and (56), these equations reduce to the following linear ordinary differential equation for g 1 ,
where four terms in the right hand side are as follows:
Here, the last expressions in (58)- (61) 
The contributions from each inhomogeneous term to the OðRo 1 Þ vertical velocity at the top of the planetary boundary layer are given by the first terms on the right hand side of the analytical solutions (66)- (69). Interesting results of the above analysis are that the contribution from the term B 1 to the OðRo 1 Þ Ekman pumping is the most dominant, and an opposite sign from the others.
The validity of our solutions in (62)- (69) are confirmed by comparing them to the OðRo 1 Þ solutions obtained by Benton et al. (1964) . The full particular solution g 1 to (57) is obtained by superposing (62)-(65). Similarly, the nondimensional vertical velocity w 1 is constructed by superposing (66) 
Moreover, (56) is written as
Substituting (45) and (47) 
The nondimensional vertical velocity at the top of the planetary boundary layer within OðRo 1 Þ is obtained from (53) and (71),
The Eqs. (70), (73) and (74) are consistent with the results of Benton et al. (1964) . The perturbation solution (74), as a function of Ro in the ranges jRoj a 0:7, is well approximated with the full nonlinear solution obtained by the numerical method in the previous subsection (see Fig. 1 ). Therefore, we confirm the validity of the use of the perturbation solutions for understanding the mechanisms of the nonlinear Ekman pumping.
Qualitative discussion
In the previous subsection, we obtained the contributions of each inhomogeneous term in (57), which are arisen from the nonlinear terms in the primitive equations, to the Ekman pumping analytically. In this subsection, we interpret the role of nonlinear terms to the Ekman pumping qualitatively.
First, we explain the asymmetry of the nonlinear Ekman pumping observed in the past works in terms of the horizontal mass flux in the planetary boundary layer. The following discussion suggests that the divergence of the horizontal mass flux induced by the nonlinearity is required in the planetary boundary layer for the asymmetry of the steady nonlinear Ekman pumping observed in the pre-existing works, irrespective of the sign of the vortices in the free atmosphere. The classical Ekman theory implies that the convergence (divergence) of the horizontal mass flux exists in the planetary boundary layer for the presence of cyclonic (anticyclonic) vortices in the free atmosphere. Due to the continuity of fluid, the upward (downward) mass flux must simultaneously exist at the top of the planetary boundary layer. If the nonlinearity induces the divergence of the horizontal mass flux in the planetary boundary layer, then that reduces (enhances) the total convergence (divergence) of the horizontal mass flux. As the result, the vertical velocity at the top of the planetary boundary layer is reduced (enhanced) for a cyclonic (anticyclonic) flow. Therefore, the sign of the horizontal divergence of velocity induced by the nonlinearity must be positive for the asymmetry of the steady nonlinear Ekman pumping observed in the past works, i.e., the horizontal divergence of velocity in OðRo 1 Þ must be a positive sign: g
Ã > 0 or g 1 > 0. Next, we interpret the role of inhomogeneous terms in (57) to the Ekman pumping. If g 1 behaves sinusoidally in h, then the left hand side of (57) would be directly proportional to g 1 . Thus, (57) can be written as
where C is a positive constant. We estimate the signs of each term on the right hand side of (75) by qualitative discussions. In general, since the cyclonic flow (z is a positive quantity. Furthermore, since the geostrophic flow is non-divergence, which implies g 0 ðh ! yÞ ¼ 0 due to the upper boundary condition, dg 0 /dh is a positive sign for both the cyclonic and anticyclonic flows in the free atmosphere. Thus, w 0 dg 0 /dh > 0. Here, if g 2 0 and w 0 dg 0 /dh behave sinusoidally in h, then the second derivative of those with respect to h would be negative signs. In summary, the first term on the right hand side of (75) is positive and the others are negative, indicating that the first term induces the horizontal divergence flow, which is required for the asymmetry of the nonlinear Ekman pumping observed in the past studies, and the others generate the horizontal convergent flows. These flows are irrespective of the sign of the horizontal shear in the free atmosphere.
Moreover, the OðRo 1 Þ vertical velocity at the top of the planetary boundary layer can be expressed with the aid of (75),
From the above qualitative discussion, we can see that the contribution of only the first term on the right hand side of (76) to W 1 is negative, which is consistent with the perturbation analysis.
In the above discussion, the operators d 2 /dh 2 and d 4 /dh 4 were respectively estimated as negative and positive quantities on the assumption that differentiable functions behave sinusoidally in h. Here, we present an alternative interpretation on this point. The appearance of the operators d 2 /dh 2 and d 4 /dh 4 ¼ ðd 2 /dh 2 Þ 2 is responsible for the form of the viscosity term in the governing equations (5) and (6). In our setup, the vertical eddy viscosity is employed as the viscosity term. Another form of the viscosity term which is appropriate for boundary layer dynamics may be a linear damping term of the forms ÀC (Mahrt 1975) . If we suppose a linear damping term of these forms in place of the last terms of the right hand side of (5) and (6), (75) is replaced by
where C D is a nondimensional drag coefficient, which is defined by Furthermore, let us make physical interpretations on (57). Note that (57) can be interpreted as the vorticity equation. If we relax the condition of steady state at the moment, the OðRo 1 Þ vorticity equation (55) and the OðRo 1 Þ divergence equation (56) are respectively written as
Here, t is the nondimensional time, which is scaled as t ¼ t Ã /ðL Ã /U Ã Þ, where t Ã is the dimensional time, and all dependent variables are assumed to be functions of h and t. Eliminating z 1 from the both equations, one obtains the following vorticity equation,
Comparing the above equation with (57), one finds that (57) is the steady OðRo 1 Þ vorticity equation. As mentioned in subsection 3.2, terms B 1 and B 2 are just four times as the nonlinear divergence and vertical advection terms in the vorticity equation, respectively. Terms D 1 and D 2 arise through the dissipation term of the vorticity equation. In order to maintain the steady state, the increase (or the decrease) of the OðRo 0 Þ vorticity in time due to nonlinear terms must be compensated by the decrease (or the increase) of it due to the OðRo 1 Þ linear divergence and the dissipation terms. The increase or decrease of the OðRo 0 Þ vorticity in time due to nonlinear terms depends on the structure of the classical Ekman solutions. As shown above, the classical Ekman solutions in the nondimensional form are characterized by the cyclonic and horizontal convergent flow (z 0 > 0, g 0 < 0) and the vertical velocity pointing to the up-gradient of the vorticity (w 0 > 0 and dz 0 /dh > 0). It is well known that the horizontal convergent flow produces the vorticity with time, and the up-gradient flow reduces it (Holton 2004) . Indeed, terms B 1 and B 2 were previously estimated to positive and negative quantities, respectively. Since the terms q 2 g 2 0 /qh 2 and ðq 2 /qh 2 Þðw 0 qg 0 /qhÞ arise through the dissipation term in the vorticity equation, we expect that these terms act as dissipation of the vorticity independence of the structure of the classical Ekman solutions. Indeed, as discussed previously, both terms D 1 and D 2 were estimated as negative quantities. Moreover, since the former includes the quadratic form g 2 0 , the sign of D 1 is independent of the sign of g 0 . Furthermore, the latter is rewritten by
with the aid of the incompressible continuity equation. Therefore, the sign of D 2 is also independent of the sign of w 0 and qg 0 /qh. (Here, we assume that q 2 /qh 2 is estimated as a negative quantity, as before.)
Note that each inhomogeneous term in (57) are not definite sign over the whole boundary layer. Rather, the sign of each inhomogeneous term discussed above should be regarded in the vertically integrated sense. Moreover, the dominance of term B 1 is not realized over the whole boundary layer. In the vicinity of the lower boundary, where the strong vertical shear of horizontal flows exists, terms D 1 and D 2 have significant values compared to the other terms. The facts that terms D 1 and D 2 originate from the viscosity term in the vorticity equation and the viscosity term adopted in this study depends on the vertical shear of horizontal flows are the origin of the dominance of D 1 and D 2 .
General shear flow case
The setup of the problem in the previous section were uni-directional flows with a constant horizontal shear. In this section, we discuss the steady nonlinear Ekman pumping for more general uni-directional flows. from the tilting and vertical advection terms in the vorticity equation. These imply that the nonlinear terms in the divergence equation is less important for the nonlinear Ekman pumping.
Even though this discussion is in Oðe 1 Þ, the above results suggest an appropriate model which well describes the nonlinear Ekman pumping in a small Rossby number. That model is constructed by the full nonlinear vorticity equation and the linear divergence equation, which is known as a linear balanced model (Holton 2004) . From the viewpoint of the equation of motion, this linear balanced model corresponds to the system with (6) and the linear version of (5) in our setup of the problem. It is just as the semigeostrophic approximation system studied by Cullen (1989) . Indeed, as shown by Bannon (1998) , the semigeostrophic theory of Cullen predicts the nonlinear Ekman pumping most accurately for a linear horizontal shear case.
In the linear horizontal shear case, the Oðe 1 Þ correction to the Ekman pumping is determined by the competition among the terms B 1 , B 2 , D 1 and D 2 . However, in the general shear case, the Oðe 1 Þ correction to the Ekman pumping also depends on the competition between ðdV/dxÞ 2 and V d 2 V/dx 2 . This point becomes clear, if we focus our attention on the dimensional form of the Oðe 1 Þ Ekman pumping, which is obtained by (71) as
In the linear horizontal shear case, d 2 V/dx 2 ¼ 0, the Oðe 1 Þ Ekman pumping is always downward. However, in the general shear case, there is a possibility of the quantity in the curly brackets to be negative. Then, the contribution of the nonlinearity to the Ekman pumping is opposite from that in the linear horizontal shear case. Therefore, the asymmetry of the nonlinear Ekman pumping in the relative vorticity in the free atmosphere, that is pointed out in the pre-existing works, does not necessarily occur for more general uni-directional flows.
Summary
In this paper, we have considered the steady nonlinear Ekman pumping for uni-directional flows with a small Rossby number. In particular, we focused our attentions on the role of each nonlinear term in the primitive equation system to the Ekman pumping. This paper is the first to examine the role of each nonlinear term in the primitive equation system to the Ekman pumping.
First, we examined the nonlinear Ekman pumping for uni-directional flows with a constant horizontal shear by a perturbation analysis of a small Rossby number Ro. We confirmed that the use of the OðRo 1 Þ perturbation solutions is suitable for understanding the mechanisms of the nonlinear Ekman pumping, by comparing those with full nonlinear numerical solutions. By the OðRo 1 Þ perturbation analysis, we found that the contribution of the nonlinear divergence term in the vorticity equation to the Ekman pumping is the most dominant. That of the vertical advection term in the vorticity equation to the Ekman pumping is the second dominant. Besides, we also found that the effect of the nonlinear divergence term to the Ekman pumping is opposite from that of the other nonlinear terms. Furthermore, the latter point can be explained by the qualitative discussions.
Next, we considered the nonlinear Ekman pumping for more general uni-direction flows. The results for a constant horizontal shear case can be adopted for a more general shear case. Comparing (57) with (89), since these equations have the same h-dependence, we found that the contribution from the nonlinear divergence and horizontal advection terms in the vorticity equation is the most dominant. That from the vertical advection and tilting terms in the vorticity equation is the second dominant. The nonlinear terms in the divergence equation are less important for the nonlinear corrections to the classical Ekman pumping. The present analysis suggests that an accurate approximate model equation for the nonlinear Ekman pumping is a linear balanced model, which is equivalent to the semigeostrophic equation studied by Cullen (1989) . Indeed, this result is consistent with numerical calculations done by Bannon (1998) .
In this paper, even though we have treated only the Ekman pumping for uni-directional flows, we expect that the present arguments can be applied to circular flows, like as typhoon, and those in the rotating circular cylinder experiments, because the vorticity and divergence equations for circular flows with axisymmetric vortex are equivalent to (15) and (16) except for terms related to the curvature. There have been controversies on the nonlinear Ekman pumping at the center of circular flows. Eliassen (1971) pointed out that the behavior of the nonlinear Ekman pumping at the center of circular flows may contribute to the formation of cloud free regions in strong vortices. On the other hand, Hart (2000) concluded that the nonlinear Ekman pumping is not a likely candidate to explain such phenomena. This point should be the subject of a future study.
